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In the papers [1-4]* the authors consider the motion of a symmetric
gyroscope with its center of gravity on the axis of spin, and derive by
various methods the sufficient conditions of stability of motion in the
two cases: (1) when the axis of the outer ring is vertical [ 1-3] (In the
paper [ 3] the author establishes the necessary condition as well); (2)
when the axis of the outer ring is horizontal [ 4].

In this note the author derives from Chetaev’s theorem on the instabil-
ity of motion the necessary condition of stability in case (2).

Let Xl‘ Yl' Zi, be the fixed coordinate system (the Zi~axis being
vertical), and let x, y, z be the moving coordinate system (the z-axis
coinciding with the spin axis).

Let J be the moment of inertia of the outer ring about the fixed axis
Zl' A’, B, C’ be moments of inertia of the inner ring about the axes x,
y, z respectively, { be the distance between the center of gravity of the
gyroscope and the origin of the moving coordinate system, 0 be the angle
of nutation of the gyroscope, 1y be the angle of rotation of the outer
ring about the axis Zl' ¢ be the angle of revolution of the rotor about
the spin axis z, and 0, V), ¢ be the co responding angular celocities.

In the case (2) the kinetic energy of the system is

T =2 J0 + 5 (402 + B'§2sin® 0 + C'§* cos? 8) +

4 1 (A8 + A2 £in?6 + C (9 + ¥ cos 0)?]

* See also: Skimel, V.N,, Nekotorye zadachi ob ustoichivosti dvizheniia
tverdego tela (Certain problems of stability of motion of a rigid body).
Avtoreferat dissertatsii. Kazan, 1955,
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The force function of the system is U= — mg { sin.@ sin . Let the
generalized coordinates of the gyroscope be 94+ 95 93- where

¢=q1' 62(]2, P=4qs3
and the generalized momenta be Py» Py P3i then the Hamiltonian of the
system can be written as

1 (p1— ps cos 6) p’ 1 psd A
H=5 71 Fean0+Ccosi0 1 Asin?®) T 2 z A+ Ayt ¢+ mesinbsing

The canonical equations of motion of the gyroséope

. 49y 8H dp; oH
dt = ap, ’ dt = 7 ap,

(t=1,273)

have the first integrals
ps = const, H = const
The unperturbed motion of the gyroscope corresponds to the following
particular solution of the canonical equations:

1 1 .
Q1o =" %, G20 =73 T, 930= q3ot; P =0, P20 =0, P3g =€y

where 9; + g, cos 0 = o is a constant. In order to construct the equa-
tions of the perturbed motion we shall introduce the following:

9; =g+ & Pi =P+ (i=1,23)
where £, 5, are the perturbations,

The equations of the perturbed motion have the integral H — Hb = cOon-
stant, where H and ”0 are the Hamiltonians with

g, =0, 18 Pi=Pp+m (=123, 9;=4¢ipp Pi=Pjp (=1223)

Expanding (H ~ Hy) in Taylor series we obtain

1
H——Ho—m(m+pao*:z) +2(A$A) mzC(El’+Ea')+

With the abbreviations

1
T¥BF+A=% Axa=n me=e puo=p

we can write the equations of motion in the Poincare variations as

dE, d d
Wl”=a(7)1+l’52). “;Tz‘—‘b'fla. Es —5 =0

dn dn, dy
2 =L g =(e—ap)b—apm, —-=0

According to the above equations the integral H — ”0 can be rewritten
as
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1. 1 .. e e
11—11032(;512 +2552“—"2“€12—'2—§22+---

which would not be determinable when £ > 0. In such a case the Poincare
degree of instability would equal two. Hence, on the strength of Kelvin’'s
theorem, the gyroscopic stability is possible.

The first integral of the equations of motion, in Poincar€ variations
was given by Chetaev [5] as

e . [ .
=2 (-; E1f: — 3 5152) —pe (B2 4 6.2 +
fz_(a_-—ly_) (i Eoe 1 2
12abp 2 af— G &t el — 6’512) == const

The Liapunov function p(H — Hy) - [" will be positive-definite if the
following condition is satisfied:

(abp? — eb — ea)® — 4e%ab >0
or

r® >mgl[(J 424+ A+ B) L2V (I + B + A)(A+ A)]

If the integral ' = const could be extended to the equations of the
perturbed motion, then the above inequality would be the sufficient con-
dition for stability [ 4].

We shall demgnstrate now that this condition is a necessary one, Let
us consider the function
V = c&i&y— bnens

Taking into account the equations of the perturbed motion, the deri-
vative of this function is

av o o : .
i = Gk o+ &5y — bnine — bmme = aepZ,® + (abp® —be + ae) Eymy 4 abpm® + ..

It can be easily seen that in the case when the inequality
4e%ab — (abp? — eb — ea)> >0

is satisfied, dV/dt is positive-definite, and ¥ could assume positive
values. Hence, by Chetaev’s theorem on the instability of motion, the un-
perturbed motion is unstable, which proves the necessity of the above
condition.

V.N. Skimel (see footnote) proves the necessity of this condition by
analyzing the roots of the characteristic equation corresponding to the
system of equations of the perturbed motion.
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